In [6, Theorem 2.2] Doi gave a Hopf-algebraic proof of a generalization of Oberst's theorem on affine quotients of affine schemes. He considered a commutative Hopf algebra H over a field, coacting on a commutative H-comodule algebra A. If A coH denotes the subalgebra of coinvariant elements of A and β : A ⊗ A coH A −→ A ⊗ H the canonical map, he proved that the following are equivalent: Schneider generalized this result in [14, Theorem 1] to the noncommutative situation imposing as a condition the bijectivity of the antipode of the underlying Hopf algebra. Interpreting the functor of coinvariants as a Hom-functor, Menini and Zuccoli gave in [10] a moduletheoretic presentation of parts of the theory. Refining the techniques involved we are able to generalize Schneiders result to H-comodulealgebras A for a Hopf algebra H (with bijective antipode) over a commutative ring R under fairly weak assumptions.
Introduction
Let H denote a Hopf algebra over a commutative ring R with R H projective, and A a right H-comodule algebra. This setup generalizes such different situations as group scheme actions on affine schemes or R-algebras graded by a group. Using this setup with commutativity-conditions for the algebras involved, Doi gave in [6, Theorem 2.2] a Hopf algebraic proof of Oberst's theorem on affine quotients of affine schemes (conf. [12] ). Schneider generalized this result to the non-commutative situation, i.e., he showed in [14, Theorem 1] that for a Hopf algebra H with bijective antipode over a field k and an Hcomodule-Algebra A, the functor of coinvariants (−) coH : M H A → A coH -Mod is an equivalence of categories if and only if A is injective as a right H-comodule and the canonical map β : A ⊗ A coH A → A ⊗ H is surjective.
It was observed by Menini and Zuccoli in [10] that parts of the theory can be described by general module-theoretic methods. Refining these techniques we are able to generalize the main part of Schneiders paper to H-comodulealgebras A for a Hopf algebra H over a ground ring R.
In Section 1 we study general properties of (A-H)-bimodules for a Hopf algebra H over an arbitrary commutative ring R, provided R H is projective. In particular we show in 1. 6 Using results from [10] it is shown in 1.10 that for H a semiperfect Hopf algebra over a QF-ring R the category M H A can be identified with A op #T -Mod, where T is the left rational part of H * . The second section is devoted to the question when A is a (projective) generator in M H A . This part presents the module-theoretic background which makes it possible to describe (faithfully) flat Hopf-Galois extensions A coH ⊂ A as (projective) generators in the category of (A-H)-bimodules (conf. 2.5 and 2.6).
In Section 3 we assume that the antipode of the Hopf algebra H is bijective. We proof in 3.1 that A⊗ R H is a generator in the category M H A if and only if A is H-generated as a right H-comodule. In 3.3 we give a refinement of Corollary 3.2 in [14] : For R A flat over R we characterise coflatness of A as an object in M H as projectivity of A as an object in M H A . The main result in Section 3 is a generalisation of Schneiders theorem on faithfully flat Hopf-Galois extensions ( [14] . Theorem 1) under fairly weak assumptions from ground-fields to groundrings (see 3.5) . The same theorem is extended to Hopf-Galois extensions over ground-QF-rings in 3.7.
The dual module H * = Hom R (H, R) endowed with the convolution product is an R-algebra. For the canonical structures on H and H * we use the notation
Let A be a right H-comodule algebra, i.e., an R-algebra µ A : A ⊗ R A → A with unit 1 A and a right H-comodule structure A : A → A ⊗ R H which is an algebra morphism.
For any two right H-comodules M : M → M ⊗ R H and N : N → N ⊗ R H the tensor product M ⊗ R N can be either endowed with the trivial comodule structure (e.g. id⊗ N ) or with the twisted one -intertwining the two comodule structures involved -i.e.
The resulting comodule with this crossed comodule strucure we denote by M ⊗ c R N . For any right A-module N , we consider N ⊗ R H as a right A ⊗ R H-module and a right A-module by (n ⊗ c)(a ⊗ h) := na ⊗ ch, and (n ⊗ c) · a := (n ⊗ c) A (a) .
or -equivalently -ψ M is a right comodule morphism, where M ⊗ c R A has the right comodule structure defined above, i.e.,
We denote by M H A the category which has as objects all (A-H)-bimodules and as set of morphisms between (A-H)-bimodules M and N the mappings which are both A-module and H-comodule maps (denoted by Bim H A (M, N )). This is obviously an additive category which is closed under infinite direct sums and has kernels and cokernels.
Basic properties of (A-H)-bimodules.
(1) For every right A-module N , N ⊗ R H is an (A-H)-bimodule by
is an (epi) morphism of (A-H)-bimodules.
Proof. This can be immediately verified from the definitions (see [5, Example 1.1, 1.2]).
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As a first interesting application we observe:
1.3 Corollary. Assume the right H-comodule G is a generator in M H . Then (with the structure from (3)
Proof. Let M be any (A-H)-bimodule. Then there exists an H-comodule epimorphism G (Λ) → M which yields the (A-H)-epimorphisms 
The (A-H)-bimodules may be considered as modules over an algebra which is defined by a suitable multiplication on A op ⊗ R H * .
The smash product
A is a left H * -module and we have in fact a left action
Notice that this does not make M an A op ⊗ R H * -module with respect to the usual ring structure on 
The category
Proof.
(1) By 1.2, A ⊗ R H is an (A-H)-bimodule hence an A op #H * -module and so are all objects in 
(1) First of all note that the H * -module structure of T H (M ) coincides with the one inherited from M so that for every m ∈ T H (M ) and for f ∈ H * we have
where :
⊗ H is the structure map. Moreover for every m ∈ T H (M ) and a ∈ A, putting A (a) = j a j ⊗ã j and (m) = i m i ⊗m i we have:
is an H * -morphism, since
and therefore the image of the right H-comodule
(2) (⇒) clear by definition. (⇐) follows by (1). 2
As a consequence of the last proposition we get
Proof. Consider an exact sequence in A op #H * -Mod,
The following observations are inspired by ideas from Cai-Chen [4] . 
(2) If T is a ring with enough idempotents then A op #T also has enough idempotents.
(1) Consider any (A-H)-bimodule M . Let a#f ∈ A op #T and take any m 1 , . . . , m n ∈ M . Putting M (m l ) = i m li ⊗m li , we have for each l ≤ n,
By assumption there exists t ∈ T such that t(m li ) = f (m li ), for all (finitely many) i and l ≤ n.
(e.g., [1, Proposition 3.1], [20, 15.7] ).
(2) Assume {e λ } Λ is a set of enough orthogonal idempotents of T . Then {1 A #e λ } Λ is a set of enough orthogonal idempotents of A op #T . (3) Since T is dense in H * , we know that T H (N ) = T N for any N ∈ H * -Mod(see [22, 2.6 ] for details). Now by 1.7,(1)
Using (1) above we get density of A op #T in A op #H * . Applying the formalism of [22, 2.6] 
As a special case of the situation described above we recall the properties of semiperfect coalgebras.
1.10 Proposition. Let H be a (left) semiperfect Hopf algebra over a QF ring R with trace ideal T := Rat( H * H * ). Then 
A as an A-H-bimodule
In this section we study the structure of A as an A-H-bimodule. It turns out, that this leads to the equivalence-theorems for bimodule-categories studied in [14] or [10] .
Coinvariants. For any
(1) There is an R-module isomorphism
(2) In particular we have a ring isomorphism
Proof. The proof of [10, 3.15 ] also applies for coalgebras over rings. 2
A coH -modules and (A-H)-bimodules.
Let V ∈ Mod-A coH . Then V ⊗ A coH A is a right A-module and has a right H-comodule structure induced by the right comodule structure of A,
which are connected by the commutative diagram
where ν M ⊗id is an isomorphism (by 2.1) and hence Ψ M is injective (surjective) if and only if Φ M is.
The next proposition provides some more technical relationships between coinvariants and constructions related to A-modules.
2.3
A-modules and coinvariants. For every N ∈ Mod-A,
is an isomorphism of right A coH -modules with inverse map
Combined with the isomorphism ν N ⊗H : Bim
coH (see 2.1) this yields an isomorphism
We have the commutative diagram
From this we derive an isomorphism
Moreover we obtain a map
which yields the commutative diagram
Proof. All these assertions are straightforward to verify (e.g., [10, Lemma 3.18 , ff]). 2
We will use the mappings introduced above to characterize A as a generator in M H A . Hereby it is helpful to observe that an isomorphism for some single module implies isomorphisms for a whole class of modules. Such a situation is considered in our next proposition.
Ψ A⊗ R H as isomorphism.
With the previous notation assume that A coH A is flat and
Proof. (1) Since Ψ A⊗ R H is an isomorphism, A ⊗ R H is A-generated as a bimodule and hence A is a subgenerator in 
is an isomorphism; (e) A coH A is flat and we have an isomorphism
(f ) A coH A is flat and we have an isomorphism
Proof. (e) ⇔ (f ) follows from the diagrams in 2.3. 2
In any Grothendieck category, a finitely generated projective generator determines a category equivalence and we have this if we impose on A slightly stronger conditions than in 2.5. Our result extends [10, Theorem 3.29] (for the case D = H) from base fields to base rings. 
(c) A coH A is faithfully flat and we have isomorphisms
coH , we have isomorphisms
Proof. Since A is finitely generated as an (A-H)-bimodule the assertions follow from characterizations of progenerators in σ[M ] (see [20, 18.5 
is an isomorphism. So H is a generator in Bimod-H and we obtain the Fundamental Theorem of Hopf modules.
(2) Let A be a right H-comodule algebra. If
is an isomorphism then A coH ⊂ A is called a right Hopf-Galois extension (see [10, 3.23] ). 2.5 and 2.6 characterize such extensions.
Combining our observations we obtain an extension of Beattie-Dǎscǎlescu-Raianu [2, Theorem 3.1] to Hopf algebras over QF rings. Recall that a left modules M over any ring S is said to be a weak generator if for any right S-module L, L ⊗ S M = 0 implies L = 0.
2.8 Comodule algebras over semiperfect Hopf algebras. Let H be a semiperfect Hopf algebra over a QF ring R and A be a right H-comodule algebra.
(1) The following are equivalent:
The following are equivalent: 
Schneiders theorem revisited
From now on we assume, that the antipode S of the Hopf algebra H is bijective with composition inverseS. In [14] Schneider generalizes Oberst's result on affine quotients [12] to the non-commutative situation. His proof is a Hopf algebraic one. But the result is module theoretic in nature -relating equivalences between categories of modules to the exactness of functors between them -so we will give a module theoretic proof of the theorem in this section. The key observation is the following :
. Let H be a Hopf algebra with bijective antipode, A a right H-comodule algebra. Then the following are equivalent:
and therefore in M H . Recall that A ⊗ R H has trivial right comodule structure and therefore is Hgenerated in M H . Combining this two facts we see that A is H-generated as right H-comodule. The module M ⊗ R H is endowed with comodule structure M ⊗ R H = id M ⊗∆ (trivial right comodule structure) and the module H ⊗ c R M with structure map
In general these two structures are different, but under the hypothesis that the antipode of H is bijective with inverseS we can state some canonical isomorphisms between these comodule structures. In this case there exists an H-colinear isomorphism
There is a close relation between the cotensor functor A2 H − and the functor of coinvariants. In order to state the next result we give another natural isomorphism.
Recall that the antipode of H gives rise to a functor S : H M → M H which assigns to a left H-comodule U : U → H ⊗ R U the right H-comodule
leaving the morphisms unchanged. If the antipode S of H is bijective, S is a categorical equivalence with inverse functor given byS :
Canonical isomorphism.
Let H be a Hopf algebra over R with bijective antipode S and U and V be right H-comodules. Then there exists a canonical R-linear isomorphism (functorial in U and V )
Proof. Recall that the module U ⊗ c R V becomes a right H-comodule with right crossed comodule structure U ⊗ c R V . Now consider the following diagram of R-modules, where the horizontal lines are the defining sequences for the cotensor product and coinvariants, respectively:
where ψ : H ⊗ RS V → V ⊗ R H, h ⊗ v → i v i ⊗ hṽ i is an R-isomorphism and ι : U ⊗ R V → U ⊗ R V ⊗ R H, u ⊗ v → u ⊗ v ⊗ 1 H is the canonical embedding.
Then the right rectangle commutes with downward R-isomorphisms id U ⊗V and id U ⊗ ψ, since the elements are mapped via
coH there exists an R-linear isomorphism γ : U 2 HS V −→ (U ⊗ R V ) coH which makes the diagram commute. 2 functorial in M and by assumption the composition of functors (− ⊗ R A) (b) A is relatively coflat, i.e. the functor A2 H − is (left and right) exact with respect to R-split, exact sequences in M H .
surjectivity of Ψ A⊗H shows that A generates A ⊗ R H in M
